Introduction
Let G be a finite subgroup of SL(n, C), then the quotient C n /G has a Gorenstein canonical singularity. In paticular, if n = 2, then C 2 /G is hypersurface and has singularity which is called a rational double point or ADE singularity. A crepant resolutions is defined as follows. Definition 1.1. Let f : Y → X be a resolution, then the adjunction formula
a i D i has a rational number a i . If f satisfies a i = 0 for all i, then f is called a crepant resolution.
It is well known that C 2 /G and C 3 /G have a crepant resolutions(see [7] ). However, crepant resolutions does not necessarily exist in dimension ≥ 4. DaisHenk-Ziegler( [3] ) shows some conditions on G to have a crepant resolution of the abelian groups of SL(n, C), and Hayashi-Ito-Sekiya( [5] ) show some examples of non abelian subgruops of SL(4, C). The criterion to have a crepant resolution has not been found yet. Ito and Nakamura introduced the G-Hilbert scheme for finite groups G of SL(2, C), and they proved that G-Hilbert scheme is the minimal resolution(that is crepant resolution) of C 2 /G ( [8] ). In dimension three, crepant resolution is not unique, and G-Hilbert scheme is a one of crepant resolutions( [1] ). However, in the case n ≥ 4, even if assuming C 4 /G has a crepant resolution, the relationship between Hilb G (C n ) and C n /G is not well known. Table 1 shows previous stidies about Hilb G (C n ) and C n /G
In this paper, we will introduce two series of abelian subgroups which has crepant resolutions but Hilb G (C 4 ) is not a crepant resolution. SL(n, C) GL(n, C) n=2 crepant resolution(Ito-Nakamura [8] ) minimal resolution( [6] , [10] ) n=3 one of crepant resolutions (Nakamura [12] , Bridgeland-King-Reid [1] )
There is example n=4
There is examples in which in which Hilb
Proposition 3.1 . If G is the following type, then C 4 /G has crepant resolutions.
If G is the type (i) or (ii), the relationship between Hilb G (C n ) and C n /G is as follows.
is blow-up of certain crepant resolutions.
In addition to the above example, we will show a example in which Hilb G (C 4 ) is singular.In this case, C n /G has not crepant resolutions. (1, 2m − 1, m, m), then Hilb G (C 4 ) has singularity.
Notation
In this section we set up the notation of toric geometry and definition of Hilb G (C n ). We use the same notation as [5] .
In this subsection, we introduce quotient singularity C n /G and crepant resluitons as toric varieties. Assume that G is a finite abelian subgroup of SL(n, C). Let order of G is r, then any g ∈ G is of the form g = diag(ε a 1 r , . . . , ε an r ), where εr is a primitive rth root of unity. Then we can write g = 1 r (a1, . . . , an). In addition, the map φ : G → R n is defined by φ(g) =ḡ = 1 r (a1, . . . , an) for g ∈ G.
Let N := Z n + g∈G Zḡ be a free Z-module of rank n, M be the dual Z-module of N , and
We will denote by σ the region of R n whose all entries are non-negative. Then the toric variety Uσ := SpecC[σ ∨ ∩ M ] is isomorphic to C n /G We recall some of important definition for toric quotient singularity as follows. (a1, . . . , an) be a lattice point of N ∩ σ. The age ofḡ is defined by age(ḡ)= 1 r n i=1 ai. Since G is subgruop of SL(n, C), age is an positive integer.
Remark 2.3. Let ∆ is subdivision of σ using by lattice points of age(ḡ)=1. If the toric variety Y determined by ∆ is smooth, then Y is a crepant resolution of C n /G
In the case of dimension 4, the lattice points of age one are on the tetrahedron with verticies e1 = (1, 0, 0, 0), . . . , e4 = (0, 0, 0, 1). So we consider subdivison on the tetrahedron. Also, we call this tetrahedron junior simplex.
G-graph and Hilb
The purpose of this subsection is to recall a way of construction Hilb
is Hilbert scheme of rpoints. Assume that order of G equals to r, then G acts on Hilb r (C n ) and
Second, we recall definition of G-graph Let S = C[x1, . . . , xn] denote the coordinate ring of C n and M be the set of all monomials in S and 1, and ρi be irreducible representation of G. We will denote by X u a monomial in M where
We write wt(
holds for any g ∈ G and p ∈ C n . Since any monomial is contained in some ρi, we can define a map wt : M → Irr(G), where Irr(G) os the set of irreducible representation of G. In this paper, we define G-graph using by the map wt and ideal of S.
We mention that the condition {X ∈ M | X / ∈ I} is equivalent to X ∈ Γ and X is divided by Y ∈ M, then Y ∈ Γ . Definition 2.5. Let AΓ be a set of minimal generaters of I(Γ). We difine the map wtΓ : M → G − graph as wtΓ(X u ) =X u such that wt(X u ) = wt(X u ) . For a G-graph Γ, we define the rational cone
where w · X u means standard inner product w · u in R n .
We will denote by F an(G) the fan in N R is defined by all closed cone σ(Γ) and all their faces. Followong theorem says that we can calculate Hilb G using by G-graph. (ii) The normalization of Hilb G is isomorphic to T (F an(G))
We show twoexamples of the Hilb G (C n ) in dimension two or three.
Example 2.7. We consider the quotient singularity G = 1 5
We write Γi = Γ(Ii)and denote σi by the cone σi = σ(Γi). Each five boxes shows G − graph of G respectively in Figure 1 . The monomials outside the boxes are generaters of ideal corresponding Γi For example, I1 is an ideal generated by (x, y 5 )and Γ1 = {1, y, y 2 , y 3 , y 4 }In addition, a monomial y i correspond to ρ 5−i ∈ Irr(G) and x i correspond to ρ i by the map wt: M → Irr(G)Since wtΓ(y 5 ) = 1 and wtΓ(x) = y 4 , we can obtain σ1 = {(ωx, ωy) ∈ N R | 5ωy ≥ 0, ωx ≥ 4ωy}. 
Example 2.8. We will show another example. We consider the cyclic quotient singularity of type G = (1, 2, 4) in dimension threeLattice points of age one are 1 7 (1, 2, 4), 1 7 (2, 4, 1), and 1 7 (4, 1, 2). In Figure 2 , we illustrate the result of triangulation of junior simplex. This triangulation defines a crepant resolution Y → X = C 3 /G.
Figure 2: Lattice points of age one and triangulation
Next, we calculate Hilb G (C 3 ). As above example, the notation ρi means that the irreducible representation of G defined by ρi(g) = ε ai for any g = (a, b, c) ∈ G, then we can find Irr(G) = {ρ0, ρ1, . . . , ρ6} where ε is a primitive 7th roots of unity and ρ0 is trivial representation Figure 3 shows the relationship between monomials of C[x, y, z] and representations of GThis table means that a monomial x 3 correspond to the representation ρ3 and xy 2 correspond to ρ5 and so onWe can find G-graph and calculate Fan(G) by this table For example, the G-graph determined by I = (
since wtΓ(x 7 ) = 1, wtΓ(y) = x 2 and wtΓ(z) = x 4 is hold. This cone σ1 correspond to the shaded area in Figure 2 We calculate others G-graphthen we find that the fan corresponding to Hilb G (C 3 ) matches the fan in Figure2Thus, Hilb
The representation corresponding to monomials and G-graph
Result
In this section, we will show main results of this paper. First, we introduce two series of abeliansubgroups which has crepant resolutions.
Proposition 3.1. If G is the following type, then C 4 /G has crepant resolutions.
For these gruops G, Hilb G (C n ) is not necesarily crepant resolution. (1) r is a even number We assume that r is a even number. There are + r − 1 lattice points of age one which are expressed as follows.
These lattice points are on the triangle T which has vertices (0, 0, 0, 1)(0, 0, 1, 0)( First, we consider triangulation of T . After that, we choose from either (1, 0, 0, 0) or (0, 1, 0, 0) as vertex for these triangles, then we obtain tetrahedrons. The subdivision obtained by this way gives the fan which correspond to a crepant resolution for C 4 /G. Figure 5 show example of triangulation in the case of r = 4. In this way, we obtain crepant resolutions as many as the number of triangulation on T . Now for Hilb G (C 4 ). We explein about the irreducible representations of G determined by monomials of C[x, y, z, w] for to calculate G-graph. Arbitrary element of G is expressed such as 1 r (α, α, β, γ) where 2α + β + γ ≡ r mod m and m is a integer. Monomials x and y define same irreducijble reprsentations. Therefore, we write this representation a, and we will denote by b the representation defined by zWe can see that monomials x r−2 z r−1 and w define same reprsentations a r−2 b r−1 . The reason is that a r−2 b r−1 (g) = ε (r−2)α+(r−1)β = ε −2α−β holds for any g = 1 r
(α, α, β, γ) ∈ G and a monomial w correspond to a representation a r−2 b r−1 since ε γ = ε rm−2α−β = ε −2α−β . In our case, there are two types of the definition ideal of G − graph
where k = 0, . . . ,
− 1 − k In addition, an ideal which replaced letter x and y or z and w in above ideal defines also G-graph.
From now on, restrict for simplicity to the case r = 4. There are three ideal of type1 and type2 is only I2.
We need to confirm that Γ(Ii) is G-graph. The representations determined by monomials are shown in the Figure 6 . We can check that Γ(Ii) is G-graph using this figure.
For example, Γ(I1) = {1, x, x 2 , x 3 , w, xw, x 2 w, . . . , x 2 w 3 , x 3 w 3 }. Since these monomials define the representation different from each otherΓ(I1) is G-graphFigure 7 shows the cross section of the cone σ(Γ(I1)) at age one. In same way, we find that Γ(Ii) is also G-graph for I2, I3, I4 Figure 8 shows the cone σ(Γ(Ii)). The difference between type1 and type2 appear in the direction of the correponding triangle (Figure 8) .
Others G-graph are defined by ideals changing characters z to w and w to z contained in the generaters of I1, . . . , I4.We write these ideals Ii+4(where i = 1, . . . , 4).
In addition, an ideal which replaced letter x and y in above ideal (i.e. I1, . . . , I8) defines also G-graph. As a results, there are sixteen G-graph. Furthermore, F an(G) is shown Figure 5 Hence, Hilb G (C 4 ) is a one of crepant resolutions for C 4 /G. (2)r is odd number When r is odd, lattice points of age one are also on the triangle T , as when r is even. However, the point ( 2 r , 2 r , 0, 0) is not lattice point unlike when r is even (Figure 9 ). (1, 1, 0, r − 2), e1 and e2. Figure 10 shows example of crepant resolutions when r = 3. On the other hand, Hilb G (C 4 ) is not a crepant resolution. F an(G) is the fan that subdivides the tetrahedron given by Figure 11 . We will explain it from now.
There are six types of the definition ideal of G − graph
Same as the case of even, an ideal which replaced letter x and y or z and w in above ones defines also G-graph. In paticular, type 0 correspond to tetrahedron which has vetices For example, when r = 3, definition ideals of G-graph are
Considering replacement of letters x and y, there are thirteen definition ideals. We can find that Γ(Ii) is G-graph using Figure 12 . Figure 13 shows the tetrahedron defined by Ii.
Comparing Figure 10 and Figure 11 , we notice that F an(G) is given by subdividing the fan corresponding a crepant resolution. In other words, Hilb G (C 4 ) is a blow-up of one of crepant resolutions However, it is not a blow-up of "any" crepant resoution. Let Y1Y2 and Y3 be a crepant resolution for C 4 /G (Figure 14) . Then the relationship between these and Hilb G (C 4 ) is as follws. Consequently, Hilb G (C 4 ) is a blow-up of certain crepant resolutions. , ,
In this subsection, we will treat cyclic group G = (0, 0, 1, a − 2) . It is well known that C 4 /G has crepant resolution. We will explain tetrahedral-octahedral subdivisions of junior simplex of C 4 /G for crepant resolution. First, the octahedra are obtained after chopping off tetrahedra all four couners. After that, we need to slice the remaining octahedra. We choose a pair of antipodal vertices of each octahedron and cut along this axis seem like a orange(see [11] ). This method give four new tetrahedra. Figure 16 and Figure 17 shows subdivision in the case of a = 3. There are three way to choose the axis. Hence we can obtain three crepant resolutions in this way. If a > 3, then more octahedral appears in junior simplex.
In the above argument, V is divided into (a − 1) 3 cone. Next, we consider subdivision the outside of V . We call the pyramid with e1, e2, e3 and e4 at the vertex as Vσ. There are 3-types tetrahedron. These tetrahedra share face, vertex or edge with Vσ respectively, and we call these tetrahedra face-pyramids, vertex-pyramids and edge-pyramids. There are four face-pyramids determined by each face e1, e2, e3 and e4. In addition, in the case of edge-pyramids, a − 1 tetrahedra are obtained for each edge, so there are 6(a − 1) tetrahedra. Also, there are (a − 1) 2 vertex-pyramids for each vertex. Thus the number of vertex-pyramids is 4(a − 1)
2 . Figure 18 shows the tetrahedron of each type. The left picture shows face-pyramid, the middle two shows vertex-pyramid, the remaining show edge-pyramid in the case of r = 3. 
Singular
Let G is follwing type, then C 4 /G has not crepant resolution, and Hilb G (C 4 ) has terminal singularity. This is a high-dimensional specific example. (1, 2m − 1, m, m), then Hilb G (C 4 ) has singularity.
Proof. To prove this proposition, there are two steps. The first step is to show that Γ(I) is G-graph, where Γ(I) is defined by I = (x m , y m , xy, z 2 , xz, yz, w). Next, the affine toric variety determined by σ(Γ(I)) has singulality. We define the group homomorphism ρ : G → GL(1, C) such that it holds ρ(g) = ε i 2m for g = 1 r (i, 2m − i, mi, mi) ∈ G. We can see that ρ is irreducible representation of G. Let Irr(G) be the set of irreducible representations of G, then it is generated by ρ. In other word, we can write Irr(G) = {ρ 0 , ρ, ρ 2 , . . . , ρ 2m−1 }. There is the bijection to Irr(G) from Γ(I). 
